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Abstract 

We prove that the modified Benjamin-Ono equation is globally well- 
posed in H s for s > 1/2. The exponent H 1 ^ 2 seems to be optimal in 
the sense that the solution map is not C 3 in H" for s < 1/2 [IS]. We 
perform a gauge transformation as in T. Tao B3, but we combine it with 
a Littlewood-Paley decomposition. We also use a space-time L 2 -estimate 
that it is able to handle solutions in H 1 ^ 2 instead of solutions in the Besov 
space B\' 12 |18| . 

1 Introduction 

In this paper, we consider the initial value problem for the modified Benjamin- 
Ono equation of the form 1 

( u t + Hu xx + u 2 u x — 0, (i,()el 2 ; 
\ u(x,Q) = u (x), 

where u : M 2 — > K is a real-valued function and 7i is the Hilbert transform 

■m n 1 [ +co <y) a 

riuyx) — —p. v. / ay. 

n J-oo x-y 

For the equation with quadratic nonlinearity 

u t + Hu xx + (u 2 ) x = (1.2) 

Benjamin an( i O no [201 derived this as a model for one-dimensional waves 
in deep water. On the other hand, the cubic nonlinearity, found in a manner 
analogous to the relation between the KdV equation and the modified KdV 
equation, is also of much interest for long wave models, [TlllcS|. 

Recall that the conservation laws provide a priori bounds on the solution; 
namely there are at least the following three conservation laws preserved under 

1 Also the equation with the nonlinearity of the form —u 2 u x can be treated by our method. 



the flow 2 



— / ulx, t) dx = 
dt 1 



4- [ u 2 (x,t)dx = (L 2 -mass), (1.3) 
at J R 

— I -uTiu x — —u 4 dx — (Hamiltonian). (1.4) 
at J R 2 12 



Then establishing a global solution on the Hilbert space H 1 / 2 is of interest by 
the preservation of the Hamiltonian and the L 2 -mass. The purpose of this paper 
is in particular to prove the global wellposedness for data uq £ H s , for s > 1/2. 



Theorem 1.1 Let s > 1/2. For any u £ H s , there exist T = T{\\u Q \\ H i/2) 
and a unique solution u of the equation satisfying 

u £ C([-T,T] : H S )HX^, 

where we shall define later the function space (see the end of this section). 
Moreover, for any R > the solution operator uq ^ u is Lipschitz continuous 
from {u £ H s : \\u \\h' < R} to C([-T,T] : H s ). 

We make some remarks about Theorem ll.il 

Remark 1.1 (i) Recall that heuristically the scaling argument 

u(x,t) h+ua = xi/2 U (j'j2) C 1 - 5 ) 

leads the constraint s > on the wellposedness for l|l.l|l . The result in Theorem 
II. H is far from those given by scaling. 

(ii) It is worth noting that when s < 1/2, the solution map uq i— ► u as map- 
ping from H s to C([-T,T] : H s ) is no longer of class C 3 18 . Note that this 
illposedness result is true not only for H s but also for Bf 1 . Thus the value of 
s = 1/2 in Theorem II . II may relate to the lower threshold of the result on local 
wellposedness. (It is not clear whether the solution map, given by Theorem ll.il 
is of C 3 -class or not.) 

From the conservation laws (|1.3fl - ()1.4[l . and iterating Theorem ll.ll we obtain 
the following corollary 

Corollary 1.1 The Cauchy problem is globally wellposed in H s for s > 

1/2- 

2 For the Benjamin-Ono equation, the equation is completely integrable, and in fact pos- 
sesses an infinite number of conservation laws. 
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The initial value problem for the equation ll.lfl and for the Benjamin-Ono 
equation JOJ have been extensively studied [3 [TJ EI EI HDl IH1 ESI CHI HZI UHl 

El 121 123; f° r instance the energy method provides the wellposedness on the 
Sobolev space H s for s > 3/2 (see For the Benjamin-Ono equation l|1.2|) . 

it has been known that this is locally wellposed for s > 9/8 [161 IT7] by the 
refinement of the energy method and dispersive estimates. T. Tao |27| extended 
this result to the energy space s > 1. More precisely, the global wellposedness 
was obtained from the conservation law 



and the use of a "gauge transformation", where the solution map uq i— » u(t) 
persists in the H s , but the Lipschitz continuity holds only in the L 2 -space. 
Very recently, the 7? 1 -result was improved by A. D. Ionescu and C. E. Kenig 
[TT] which obtained global wellposedness for s > 0, and also by N. Burq and F. 
Planchon 4 which obtained local wellposedness for s > 1/4. 

For the modified Benjamin equation L. Molinet and F. Ribaud [T§| 

have shown the local wellposedness in the Sobolev space H s for s > 1/2. (Re- 
sults for the generalized Benjamin-Ono equation with higher nonlinearities, are 
also found in ^Hj). Their proof is based on Tao's gauge transformation. Also, 
the result for s — 1/2, but with the Sobolev space H a replaced by the Besov 
space Bfii has been obtained in [T^J; more precisely, they have proved local 
wellposedness in B| 1 for s > 1/2. In this result, however the smallness condi- 
tion on the data is required. 

Our method relies on a refinement of the gauge transformation (using a 
Littlewood-Paley decomposition), introduced initially for the Benjamin-Ono 
equation |27j and modified for the generalized Benjamin-Ono equation 19 , as 
well as the use of estimates for the Schrodinger equation. The point is that we 
shall transform the equation (jl.l|l into a derivative nonlinear Schrodinger equa- 
tion, where the nonlinearity u u x in (|l.l|l has been placed relatively close to the 
form Y.N hi h ^(^N lom <s.N high p N lom u) 2 P Nhtgh u, in other words, the derivative 
in the nonfinearity does not appear in the highest frequency terms. We will 
describe this reduction of the equation in the next section. 

Remark 1.2 A very similar equation to (f 1 . 1 1> is the derivative nonlinear Schrodinger 



and local wellposedness was known for the equation in H s for s > 1/2 23J, where 
a fixed point argument is performed in an adapted Bourgain's X s ^ space which 
yields a C°°-solution map. Our method also gives the result for the equation 
H1.6J) . without Bourgain's space, in H s for s > 1/2, but only shows the solution 
map to be Lipshitz. 

One difficulty in proving the "endpoint" case s = 1/2 for solutions in H 8 , is 




equation 



u t - iu xx + \u\ 2 u x = 0, (x, t) e K 2 , 



(1.6) 
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that using the inhomogeneous smoothing effect estimate (see c.f. I|3.14fl below) 



d x / e-^-t'^mdt' 



< 



\LlLl 



one loses the L\L\ control for the nonlinearity u 2 u x . This is because one needs 
to use the L^L^-maximal function estimate for two w' and the L^L^-smoothing 
effect estimate for the term u Xl and in principle the maximal function estimate 
may fail at the endpoint s = 1/2, although the estimate is valid at the endpoint 
provided that the data are dyadically localized in frequency space. In fact, 
we use the / 2 -type maximal function estimate in order to invoke the endpoint 
maximal function estimate 



E 

\ N 



1/2 



-tHdi 



P 



NU 



|2 



< 



We then estimate the L x L^-type norm for the nonlinearity. 
we suppose the nonlinearity to be ^x(X^iVi <&N h 

P, 



mentioned before. Applying the Littlewood-Paley projection operator Pm to 
the equation, for each TV, we estimate this by 



To summarize, 
2 Pa 



uy 



< 



pn ( E d ^ E p N low ufp Nhtgh i 

Nhigh N low <^N htg h 



E 



N hiah ~N 



M E p »i°« 

Ni oul «.N hlg h 



LILl 



\\ P N high u\\LlLZ 



In particular, we prove the following space-time L 2 estimate which is crucial to 
our proof of Thcorcm ll.il (see section 0] for the proof of this proposition). 



Proposition 1.1 Let u be a H°° -solution to $1.1}) . Then we have 




We close this section by introducing some notation. Let ip be a fixed even 
C°° function of compact support, with supp-0 C {|£| < 2}, and ip(C) = 1 for 
ICI < 1- Define (p(£_) = ip(£) — "0(20- Let N be a dyadic number of the form 
N = 2 j , jeNU {0} or N = 0. Writing ip N (£) = tp(£/N) for N > 1, we define 
the convolution operator Pjy by Pnu — u * tpN, where T denotes spatial Fourier 
inverse transform (while • denotes a spatial Fourier transform). Then we have 
a spatial Littlewood-Paley decomposition 

AT 
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where we define the function ipo by <£>o(£) = I^Ejv Vjv(0 to denote Pott = u*</?o- 
Note that if u is real- valued function, then Pnu is also real- valued. We define the 
projection operators P± to the frequency ±[0, oo). We will recall the Littlewood- 
Paley theorem (23 

~ \\<I>\\lp 

for 1 < p < oo. 

For nonnegative quantities A, B, we use A < B to denote the estimate 
A < CB for some C > 0, and A ~ B to denote A < B < A, and A < B to 
denote A < CB for some small C > 0. 

We also define more general projection P<at and P</v by 

P «W = E p <* = E p M- 

M<JV M<7V 

Similarly define P>jv, P>at and also define P~n, etc. We remark that the pro- 
jection operators P<iy , P</v, P»jv , P>/v are bounded on L p , L\:L P X , L^L'ip, for 
1 < p, g < oo. Moreover, pv and WP/v are bounded operators on L p , L^L V X ,L V X L\ 
for 1 < p, q < oo. 

We define the Lebesgue spaces B\L P X and L P L^, by the norms 

ll/IU'LS = IIII/IIl£(K)IIl?([o,t]), ll/lliSi« = llll/IU«([0,T])llig(R)< 

In particular, when p — q, we abbreviate L^L P or L P L^, as 

Let (■) = (1 + | ■ I 2 ) 1 / 2 . We use the fractional differential operators D s x and 
{D x ) s defined by 

Sim = ici s /(o, <aF/(o = (0 s m 

We are now ready to define the function space Xf. For s > 1/2, T > 0, we 
introduce 

X£ = {u G ^(R x (— T, T)) : ||u|| x . < oo}, 

where 

/[s+1/2] 

y fc=i jv 

/ w \ 1/2 / w 

ys,-o at y yfc=o jv 
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2 Gauge transformation 

We transform the equation as stated in the introduction. Let u(x, t) be an 
-ff°°-solution to Ijl.ip , We introduce the complex- valued functions vn ■ K 2 — > C 
for a dyadic number N by 

v N {x,t) = e-^ r -™ {p « Nu(v ' t]]2dy P + P N u{x,t). (2.1) 

It will be convenient to abbreviate by writing e~3 J x ( p ««") 2 for /- 00 (- p <" u (i'' t )) 2 
From the Leibniz rule and TiP+ = —i, we see that 

{dt-id 2 x )v N = e-^$^ p « NU f{d t +Hdl)P + P N u 

- e -^r{p«Nur dxP+PNUdx I (p <JVU (y )t ))2 d2/ 

•/ — OO 

+P + P w u(9t - id 2 x )e-^^ p « NU ^ 
= e-if ^ p «^ 2 (P + P N (u 2 u x ) - {P <<N u) 2 P+P N u x ) 

- l e-ir(P«^f p+ p Nu{dt _ ld ^ r {P<<Nu{yit )fdy 

+ i e -i r{p< N uf p+Pnu{p<<nu) \ 

In carrying out the computation for the second term, we use the equation (|l.lfl 
and integrate by parts. Thus 



(d t -idi) (P <<N u(y,t)Y dy 

J —OO 

= 2 P^ N ud t P^Nudy -2iP^ N uP^NU x 

J — OO 

= -2 1 P<^nuP<^n(Hu xx + u 2 u x ) dy - 2iP^ N uP<^ N u x 

J — oo 

= 2i(iH - 1)P^nu x P^ n u + 2 / HP^ N u x P^ N u x dy 

J — OO 

f x 

-2 / P^ N uP^ N (u 2 u x ) dy. 

J — OO 

Hence, finally obeys the following differential equation 

(d t - id 2 x )v N = e-ir( p «^) 2 (P + P N (u 2 u x ) - {P <<N u) 2 P+P N u x ) 
+e-H^ p «^ 2 p <<N {iH - l)u x P <<N uP+P N u 

3 This gauge transform is also inspired by the result in 1241 . In fact, when u is a complex- 
valued function and the nonlinearity in 11.11 is replaced by |u| 2 rt Ir , we let vpf(x,t) = 
e ~i /* \ p <Nu\ 2 p + p NU (x,t); which is modified from v(t,x) = e~2 /* ^u(x, t) in EH . 

We also mention that if Vjsr(x,£) = e — 2 / P< ^ NU P+Ppfu(x,t), our method gives the H 1 - 
wellposedness for the Benjamin-Ono equation 1271 . 



G 



■r(p«Nuf 



HP^nu x P^nu x dy 



ie -i F(P<Nuf P+ p NU / P <<N ( u 2 Ux)P <<N udy 



+ l -e-^^ p «^\p <<N u) A P + P N u 
= A 1>N (t) + A 2 . N (t) + A 3tN (t) + Ai tN (t) + A 5<N (t), (2.2) 

The desired a priori estimate for u in can be proven from the solutions vn 
in (|2.2|) . We prove this in section 

Remark 2.1 As opposed to 1)1.10 . for (|2.2I) . the very worst type of nonlinearity 
as (P/v !ora u) 2 PN high Ux with |iV; ou ,| <C |iVfcj g fc|, in which the derivative on one of 
three m's can not be shared with the other two it's, is almost absent. This is a 
consequence of the formula; for instance we expand 

P + P N (u 2 u x ) - (P^ N u) 2 P + P N u x 
= Pn((P«nu) 2 P + P n u x ) - (P <<N u) 2 P+P N P N Ux 

+P + P N ((u 2 - (P <<N u) 2 )u x ) (2.3) 

for N ^> 1, where Pn — Pn/2 + Pn + Pin- One can think in particular of the 
first term in 1)2.3(1 as c(P<^nu) 2 P+Pnu (see sectionEJ- 



3 Preliminaries 

In order to prove the a priori estimate for the equation of vn, we need the 
linear estimates associated with the one-dimensional Schrodinger equation. We 
first recall the Strichartz estimates, smoothing effects and maximal function 
estimates (for the proof, see e.g. |14|). 

Lemma 3.1 For all <p € J^QR), 6 6 [0, 1] and T e (0, 1), 

V td ^\\ L , L ^<u\\ L ^ (3.1) 



We^P^W^j < (N^- e U\\ L i, (3.2) 



\\e itd *<f>hiL ¥ < WUv*. (3.3) 

Remark 3.1 We say that a pair (q,p) is admissible if - = | — i. Then the 
above pair (|, jzig) is admissible. 
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Proof. The inequalities l|3.1[) and (|3.3I) are due to the standard Strichartz and 
maximal function estimates, respectively |14j . 

To show (|3.2|) we need the following inequalities ^1] 



\\(D x y a e* t9 *P N cb\\ LiL ~ < (N)^U\\ L ,. 



(3.4) 



Applying complex interpolation argument to these inequalities, we obtain (|3.2[1 
(if necessary, we use the trivial inequality ||e z *^Po</>||L°° < II^IIl 2 to justify 

We next state the L^L? and P v x P q T estimates for the linear operator / i— > 
Jo e^-^lfit') dt'. 



Lemma 3.2 For f e y(R 2 ), 9 e [0, 1] and T e (0, 1), 



Jo 



„i{t-t')dl 



f(t')dt 



< 



,4/8,2/(1-9) 



|/H i (4/9)' i (2/(l-e))' ■ 



(3.5) 



i{t-t')d\ 



f(t')dt' 



< 



(3.6) 



r co r 2 



< 



\f\\ T pm T q(e) , 



(3.7) 



(D x )« / e^-^P N ]{t')dt' 



< 



(N) 



1/2 I 



r p(8) ,,((>) , 



(3.8) 



(Ac)*"* / e^-t'^fWdt' 



< 



(3.9) 



where p' of number is conjugate of p £ [1, oo] given by l/p+ 1/p' = I, and 
1 3 + 6» 1 3-6* 



p{6) 4 ' q(9) 4 

We shall need the lemma of Christ-Kiselev which permits us to obtain 
Lemma 13.21 from the corresponding " non- retarded estimates" (see also ^1 1191 

121123). 

Lemma 3.3 (Christ-Kiselev [5J) Let T be a linear operator of the form 



Tf(t)= I K(t,t')f(t')dt' 
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where K : J^(R 2 ) -► C(R 3 ). Assume that \\Tf\\ L *i L n < \\f\\ L %> L «? forp 1 ,p 2 ,qi,q 2 € 
[l,oo] with mm{pi, qi} > max{p2,<?2} or pi-,qi < 00,51 = 00. T/ien 



K(t,t')f(t')dt' 



< 



l/ll 



lS 1 l~ 



Remark 3.2 The L^Lg 1 , L^Lf? (instead of i|?ig 2 ) version of Lemma ET31 
holds with the condition q\ > max{p2,92} |18l I19j . 

Proof of Lemma VJ. b A The inequality i|3.5|) is due to the inhomogeneous Strichartz 
estimate 

The inequality i|3.6[l follows from a TT* argument, l|3.4[) and i|3.5[l . Indeed, 
applying a TT* argument to (|3.4() we have 



Also by l|3.5|) we have 



< 



^2? Z, 



< 



< 



min {|l/ll 
min {||/ll 



1} 



Therefore by R.emark 13.21 and the complex interpolation argument, we obtain 
J23J). 



For (|3.7|l . in analogy with (|3.6|l we begin with the following estimate 



D 2 



f(t')dt' 



< 



r p(0) ,9(9) . 



(3.10) 



This follows easily from the argument as before. Then we use again TT* argu- 
ment, l|3.4|l and l|3.10(l to obtain 



1+0 /*oo 

D~ / e^-^f^dt' 

J —OO 





e r°° 


< 


Di / e 


L°° L 2 


J —OO 



-a' at 



f(t')dt' 



< 



ll/IU 



Thus Lemma T3 . 31 implies (|3.7ll . 

The proofs for (|3.8|) and (|3.9|) are the same as that for l|3.7|l by using (|3.2[1 
and n 

Remark 3.3 (i) A straightforward application of Lemma [3.31 to l|3.2() . 13. 3() . 

ipOjl shows that for 6 e [0, 1] 



(Ac) l/2 / e i(t-f)^ /(t / )tft / 



< 



(3.11) 
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At-*')€p N f(t')dt' 



< 



(N) 



1/2-6 



(3.12) 



< 



1 rrl/4. 



(3.13) 



(ii) The estimate l|3.7[) with 9 = 1, but with the D^-derivative replaced by d x , 
still holds nu 



0. r 



< 



(3.14) 



The proof of the estimates with the regularity s for s e [1/2, 1) requires that 
we use the Leibniz' type rule with the fractional-order differentiation. The first 
lemma will provide the Leibniz' rule for the bilinear form fg. 

Lemma 3.4 Let a £ (0, 1), a±, a 2 € [0, a], p,p\,p 2 , q, <7i, <h G O-i 00 ) w ^ ^ = 
ai+a 2 , i = — + — , - = - + -. Then 

' p pi P2 ' q qi qi 

\\D a x (f9)-D a x fg-fD a x g\\ L ^ T < \\D^f\\ L ^ L n\\D^g\\ L ^. 

Moreover, the case q\ — oo is allowed if a.\ = 0. Added to this, the case 
(p,q) = (1,2) is also allowed. 

Proof. See Q3J Theorems A.8 and A. 13]. 

Next, we shall have the Leibniz' rule for a product of the form e %F g where 
F is the spatial primitive of some function /. 

Lemma 3.5 Let a £ (0, 1), p,pi,P2,q, qi £ (1, oo), q 2 £ (0, oo] with i = i + 

P2' q = ~qi 92' an< ^ ^ F( x >t) = f-oo f(y>t) dy> with real-valued function f. 
Then 



?2 



Proof. We write 



e^ = P e^ + P >ie ^. 



(3.15) 

For the first term in l|3.15[) . we easily obtain the bound by < \\Poe ,,F (D x ) a g\\ L P L ^ 
\\{D x ) a g\\ L p L ^. To estimate the second term in (|3.15|) . we apply Lemma I3~4l to 
obtain the bound 

< \\D a x (P>^ F )g\\ L ^ T + \\P> ie lF DZg\\ LlL « T + c\\D^P> x e iF \\ Ll , L .n \\g\\ Ll , Ll 

The estimate on the term \\D x P>ie lF is clear, by adding an extra deriva- 
tive D x ~ a , and the fact that the Hilbert transform operator Tt is bounded on 
L V X L\ to itself, for 1 < p, q < oo. □ 
In order to control the integral type nonlinearity in l|2.2|) . we need the fol- 
lowing lemma. 



< 
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Lemma 3.6 Let a, a%,a2 S [0,1], p,Pi,P2, <?, <7i, <Z2 G (L 00 ) with a + 1 
ai+a 2 , i = i + i. I = i + i. T/ien 



p Pi Pa ' g gi 92 



j —00 

Proof. See ^5] Lemma 6.1]. 



4 Proof of Proposition 11.11 

In this section we prove Proposition ll.il Throughout the section, we will use 
£ij to denote & + and also use etc. 

Using a Littlewood-Paley decomposition, we write 

u 2 = P^uP^u. 

N U N 2 

We split the sum into three parts N± ~ N 2 , Ni > 7V 2 , A^i < iV 2 . 

In the treatment of the case N\ ~ 7V 2 , we can share a derivative between 
Pn x u and Pn 2 u. I n fact, by PlancherePs theorem and the inequality 



1/2 

|u|| x l/2 + ||P>lU|| x l/2 



(which follows by interpolation), we have the bound for this contribution to the 
left-hand side of (f 1 . T|l by 

< Yl IK^i^V^lU^IK^i^V^lli^ < ri||w||^x /2 + ||^P>iu||^ /2 . 

Next consider the case Ni 3> N 2 or Ni <C N 2 . By symmetry, it will suffice 
to consider the case Ni -C N 2 . If JVi = 0(1), the proof is easy. In fact, 

^ P Nl uP N2 u x = ^ Pn 2 (Pn 1 uPn 2 Ux)- 

N 1= 0(1)<CN 2 Ar 1= o(l)<Af 2 

With this and the Littlewood-Paley theorem, we have the bound for this con- 
tribution to the left-hand side of (|1.7I) by 



N 1= 0(1) \A f 2 >l / 

For N 2 = 0(1) we have the bound by 

< E \\ P NM\LiJPNA\Lt T <THu\\ 2 x ^, 
N U N 2 =0(1) 
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and the claim is proved. 

It will thus suffice to show 



N 2 >1 



< WP^iUoWU, + (\\u\\ 2 xl/2 + \\u\t 1/2 )\\P> lU \\ 2 xl/2 



(we take the square of || (ii 2 )^ || i 2 T - ) From the Littlewood-Paley theorem, we 
deduce the estimate 



^2 ( p ^ <^n 2 uPn 2 u x ) 

N 2 -»l 



^2 W P ^-^n 2 uPn 2 u x \ 



,2 AT 2 3>1 



which is written as 

i-T 



/>l />oo 

JO J-M 1 *w AT*^AT 



(4.1) 



l«ATi,Ar*«7V 2 



We split the sum in Ni,N* as Y^Ni~Nf + J2n 17 cn? ■ The treatment for N\ ~ 
is as follows: 

< J2 \\ P nM\l*l ¥ \\PnMl*l?\\Pn 2 u x \\1^ lP 

which is acceptable. In order to study the contribution of Ni ^ N£ for (|4. 1|> . 
we use the equation (|l.l|l to see that 

(e l 'l«l«P^(0) f = -e^^Pj^VcXO. 
Then by Plancherel' theorem we can reduce to 

( T /* e -«(i«ii«i+i«2k2±^Td) 

KA , r<A r i«A f 2 * 

(e^^P^u^))^^ 2 ^ 

where we denote by J the integral over the hyper plane £1234 = (by symmetry 
we take N£ <C Ni). (Note that under the restriction £1234 = 0, the terms of 
equal signs on £3, £4 vanish for <C Ni <C N2.) Integrating by parts, we write 
this as 



< E 

KiV 1 *<ATi<JV 2 

- E 



[P Nl ufa,t)P Nt ufa,t)P±PN 3 U x fa,t)P T P Na U x fa, t)]\Zl 



1616 + 1616 ±6 2 + 6 2 



(4.2) 



1616 + 1616 ±6 2 + 6 2 



(4.3) 
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(p Nl (u 2 u x )(ti)P Nl u(&) + P Ni u(Zi)Pn*{u 2 u x )(&)) P^P^u x (Z 3 )P^P^u x (U) 



-i 



£ /• laTBPi?g p "'" lfl)p " ; " t,,) (4 ' 4) 



(p±P^A^u x ) x (&)P^P^u x (U) + P±Pn 2 u x (&)P*Pn 2 {u 2 u x ) x {&)) 

where we omit the time variable t for the sake of simplicity. 
Observe that since |&| < 161 ~ I62 < 161 ~ 16 



1 1 



I6I6 + I6I6±6t6 2 ±2a 2 e 



<i- (4-5) 

?3 



Then by Coifman-Meyer's multilinear theorem [B] (also in [23]), the first term 
of the above integral (|4.2|) is bounded by 

^ E E 

(|| iV^C*) II i* II^Pjv; «(*) || ifi II JV 3 «(t) Hi* + \\D-\P Nl uP N ^u)(t)\\ Lr \\Dlp N2 u(t)\\ 2 Li) 
<\\P>iu \\ 4 Hl/ 2 + \\P>iu(T)\\ 4 Hl/2 

which is acceptable. 

The second term l|4.3|) is treated in the same way as above. We bound this 
contribution by 

< E (.WPmiu^hijp^uu^ + iiPjv 1 «iUi !r iip JV .(« 3 )ii i j T )iii>ii^ a «iii ;T 

which is easily acceptable. 

To estimate the last term (|4.4f) . by (|4.5f) we may replace the denominator in 
the integral term by ±2i£i26- This is because that if the denominator was £§, 
we would have a bound by 

< E ll^ 1 w|L« T l|Piv 1 ^|| i|T ||DlP iV2U || i 4 T || J DlP W2 (u 3 )|| i j T . 

To estimate the last term \\D X Pn 2 (u 3 )\\ L 2 t ^ we use the Cauchy- Schwartz in- 
equality in 7V 2 to handle this by using that 

/ x 1/2 

[j2\\Di/ 2 P N2 (u 3 )\\l lT j < \\dI(u 3 )\\ l1t < ||Dln|U4j| u ||| |T < ||«||^ /a . 

We can use symmetry in (14 .4|) because —£3 = £4 +62, and thus we are reduced 
to the following integral 

E f I ^t 1 + &) p^(^)p^(^)p±%^u^ 3 )p^ 2 u(U)- 
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For the Fourier multiplier £ 3 , by Holder's inequality we obtain 

< E \\PNM\LtJPN;u\\ L sJ\Dlp N MLiJDlP N Aum L t T , 

KiV*<Ari<Ar 2 

which can be treated as before. On the other hand, for the Fourier multiplier 
2^f-, we deduce from Holder's inequality that the expression is bounded by 

(We may of course decompose Pn^u = P+Pn x u + P-Pn x u in order to obtain the 
Z)~ 1 -derivative.) By Young's inequality we see that the first term is bounded 
by 

E \\D-\P Nl uP N *u)\\ LlL ~ 

< E n^x^iiUjii^iu^fuiUiioc 

< E \\{D x )-ip Nl u\\LlL ¥ \\(D x )-zP N *u\\ L 2 L¥ 

< \\p>M 2 x w- 

The second term \\d x PN 2 u \\ l°° yields an acceptable term after Cauchy-Schwarz. 
Also for the last term ||c?x-Pat 2 (it 3 )||z, 2 , after Cauchy-Schwartz, we control this 

by 

< (^\\d x PN 2 {u d )\\ 2 Ll )j HI(" 3 ),lk T . 

We use a Littlewood-Paley decomposition to expand 

« 3 = E (i P <™ u ) 3 - (P<Nuf) + P {uf 

N>1 
N>1 

= E p 2NuA N {u) + P (u) 3 , 

N>1 

where An(u) = {P<2nu) 2 + P<2nuP<nu + (P<nu) 2 . The term Po(u) 3 can be 
estimated by using a Littlewood-Paley theorem to estimate 

\\9 x Po(u) 3 \\ l1t < \\Po(u)\\ 3 L6xT < \\uf xl/2 . 
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For the first term, suppose An(u) — (P<nu) 2 , because other two terms are 
handled similarly. Then it suffices to show 



d x p 2Nu( p <Nuy 



N>1 



< 



'X, 



1/2- 



Now we write 



d x P2nu(P< n u) 2 = \J2 + E d * p M E P2nu(P< n u) 2 . 



N>1 



,M<1 M>1, 



JV>1 



The low frequency part J2m<i can ^ e estimated by using a Littlewood-Paley 
theorem to estimate 



N>1 



< 



P<1 ]T P2NU(P< NU) 



N>1 

< £ \\P 2N u{P< N uf\\ LlT < \\P2NU\\ L e, 
N>1 N>1 



But by 



1/2 



J2\\P2 NU \\ l1t < ^ |PiVU|^ W 



< 



|W|| x l/2, 



N>1 



. N>1 



we can bound the left-hand side by < ||u|| 3 x 

v., 



We now look at the contribution of the sum X)m>i- We begin by using a 
Littlewood-Paley theorem to write 



£ 9 X P M £ P2Nu(P< N uf 



M>1 JV>1 



J2 M 2 \\P M J2 p 2Nu{P< N u) 



2 1 1 2 
L 2 



,M»1 



N>1 



< 



]T M 2 \\P M ]T P2NU(P< NU) 



2 1 1 2 
L 



V M>1 N>M 

Using Holder and Littlewood-Paley theorem, this is bounded by 

N 2\ V2 

^ I E I E ^WP2NU x \\L~Ll\\P<Nu\\ 2 LiL ^ 
\ M>1 \W>M 

Now we have 

sup||P<jvm||i,4 L? o <sup V \\P M u\\ LiL¥ < \\u\\ i, 



/2 



N 



M<N 
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and hence 



1/2 



E (e f \\ p ^4 L ^\\p<Nu\\i iL ^\ ] <h^ /2 [ E ( E fn^n^L? 

yiU>l \iV>M / / T I M»l \N>N 

But using Young's inequality ||/ * g\\p < ||g||p, we bound the left-hand 
side by 



<N£i /a (E ii^iii-L?.) 

T \JV»1 ) 



1/2 



This concludes the proof of Proposition ll.il □ 



5 Nonlinear estimates 



We shall now deal with the problem of estimating the nonlinearity arising in the 
equation l|2.2l) . Throughout this section, we always assume T G (0, 1) and N ^> 
1. For brevity's sake, we only consider the endpoint case s = 1/2, and abbreviate 
X^ 2 to X. Recall that the equation (|2.2|1 has the following equivalent integral 
equation 

v N (t) = e ua '(e'i^ iP « NUo)2 P + P N u ) 

+ f e <(*-*')8S (A hN + A 2tN + A 3 . N + A A . N + A 5>N )(t') dt' , 



where Aj^ N (t) are defined in l|2.2|l . 

Because of Lemmas 13.11 and 13.21 we need to define the function space Y, 
equipped with the following norm, which will only be used in this section and 
next section (Xemmas 16. II and 16 . 2|l 

Mr = \\ U L~ H ^ + IIMU ? z» + hhiL W + \\(D x )^ 4 u\\ LtL¥ . 

We handle the Y-norm for the nonlinearities Aj . 

Proposition 5.1 Let u be a H°° -solution to Then 
/ 2 \ 1/2 



E 

iV>l 



J(t-t')c 



Y J A j , N {t')dt l 



3 = 1 



< T 1//4 (l + |Hi)||P>H|x + \\P> lU of Ht/ , \\P> lU \\x + (1 + ||«|| 
Proof of Proposition I5.il We consider each contribution separately. 



\p>Mx- 
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5.1 The contribution of A\^. 

We begin with the identity 

u 2 u x = (P <N u) 2 P N u x + (P^ N u) 2 (l - P N )u x + {u 2 - (P <N u) 2 )u x . 

Note that the term (P^jyii) 2 P + PjfU x has Fourier support in |£| ~ N, also the 
second term (P^^u) 2 ^ — P x )u x will cancel when the projection operator P/v is 
applied since P N ((P^ N u) 2 u x ) = Pn((P<^nu) 2 Pn u x) f° r large frequency ~ N. 
On the other hand, P+((P^nu) 2 Pnu x ) = (P^atm) 2 'P + Pnu x for large frequency 
~ N. We thus have 

P + P N (u 2 u x ) - (P^ N u) 2 P + P N U X 
= P N {{P <<N u) 2 P + P N u x )-{P <<N u) 2 P N P+P N u x (5.1) 
+P+P N ((u 2 - {P <<N u) 2 )u x ), (5.2) 

where we may freely add P/v to Pjy. We exploit the projection operator Pjy to 
expand the second term 1)5.211 as follows: for each TV 3> 1 



P+P N ((u 2 - (P^ N u) 2 )u x ) = P+P N Pn.uPn.uP, 



N-<U X 



fc=l I k 



where 



h 


N X r 


■^N 2 >N,N 3 , 


h 


Nl r 


- N > N 2l N 3 , 


h 


N X r 


- N 3 ~ N > N 2 , 


h 


N X r 


- N 3 ^> N 2 > N, 


h 


JVl r 


- N 3 > N > N 2 



(By symmetry, we may assume Ni > N 2 , N 3 , N.) 
We now give the following lemma. 

Lemma 5.1 Let u be a solution of Then 



(5.3) 
(5.4) 
(5.5) 
(5.6) 
(5.7) 



1/2 



53 \\Pn{{P^nu) 2 P+P n u x ) - (P«nu) 2 P n P+P n u x \\ 2 li 

1/2 

53 53 ii p ^53 Pjv i MPAr ^ PAr 3^iiii. 

V JV>1 fc=2,3,5 I k 

< t^\\u\\ 2 x \\p> iU \\ x + \\p> lUo \\ 2 m/2 \\P>m\\x + (i + ||«||^)||i^i«| 



(5.8) 
(5.9) 
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Proof of Lemma \5.1l We first consider (|5.8|) . To shift a derivative from the 
high-frequency function P + Pjqu x to the low-frequency function (P^jvit) 2 , we 
require the following Leibniz rule for P/v 



(PN(fg)-fP N gm = i I (<PN(Z)-<PN{ti))f{Z -&)s(&)^i 

' ^((1 - ry)6 + 77O dry) (£ - - 6)3(6) dfr, 



and its Fourier inverse formula 

{Pfr(fg) ~ fPN9)(x) = J dr) (^J $ N {y)yf x {x - i]y)g(x - y) dy 
Since Hj/^jvIIz, 1 = C-ZV" Hz, 1 » we may bound the contribution of (|5.8I) by 

< (J2 \\{p^nu)1\\1 1t n-^p + p n u^1 il ^ 

< (J2 \\{P^NU)1\\1,J\P N U\\1 IL ^ 2 . 

Split P^nu = P<i u +Pi< ^nu, and write (P <N u) 2 = (P<. 1 u) 2 +2P<iuP 1< . <s ^nu-\- 
{Pi< <nu) 2 ■ For (P<iu) 2 , we can discard the ^-derivative, and estimate this 
contribution by 

<Ti\\u\\ 2 x \\P> lU \\ x . 

For the contributions of the other two terms, we use Proposition ll.il 1 to obtain 
the desired bound. 

Turning to the estimate (|5.9|l , we shall consider separately the contributions 
of Q5.4fl . I|5.5fl and (|5.7|l . For (|5.4|) . we bound this contribution to (|5.9|) by 



~ f E II E Pn,uP <<n uP^ n u41 il A 

(eh* 



1/2 



\ 1/2 

l\" HPAru|| 2 : 2 i oc||P«7Vlt-P«ArM :!; |li2 



which is acceptable, since the proof is along the same lines as that for (|5.8fl . For 
l|5.5|l . a similar argument shows that this contribution to (|5.9|l is bounded by 



^ ( E 11 E ( p ^ u E p «^* 

\7V>1 N X ~N N 3 ~N! 



1/2 



4 More precisely, we use the proof of Proposition 11.11 and replace (u 2 ) x with 
(P<iuP 1< . < £ N u) x or ((Pk.^jv") 2 )^- 
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v2\ V2 

'N 3 U X \\ L 1 L 2 



z f E ( E n p ^ u E P «^ P 

YiV»l \JVi~JV JV 3 ~JVi 

< E E H^vHiW E ii E p <jv^jv 3 ^ni s j 

\.iV>l iVi~iV JVi~JV N 3 ~Ni J 



This is bounded by 

\ 1/2 

^HijioollPcivuP-iVHxIliz 



< 



(ei^ 

W>1 



which is acceptable as before. Finally, for 1)5. 7J1 . we observe that by symmetry 
E P Nl uP N3 u x = 22 (P Nl uP N3 u) x . 

N]_~N 3 N!~N 3 

Then we bound this contribution to 1)5.9(1 by 

1/2 



3 <JVW||rlr2 



\JV>1 

^(E^ 2 E ii^vHIW E ii E p ^ uR 

\JV>1 N^N N!»N N 3 ~N! 

z\\p>iv\\x( E^ 2 E ^ 2 n^3^ 

\AT»1 JV 3 »iV 



1/2 



<*r«|l!» 



1/2 



'«JV M lli^ 



We rearrange the sum as follows 

< E (N/N 3 ) 2 \\P N3 u x P <<N u\\ 2 L2 ) 

< l|P>Hk f Y, Y (N/N 3 ) 2 sup HP^^P^ull^ ] (5.10) 

One can then observe the following variant of i|1.7|l that entered in the proof of 
Proposition II. IP : 

E SUP \\ P N 2 U x P <Nl uf L 2 

\n 2 »i n ^« n - ' t J 

< np^oii^ + a + hii^ikiuii^iu+r 1 / 2 ^^. (5.H) 



5 Incidentally, the estimate 15.111 holds without the last term T ,1 / 2 ||y||2 under the restric- 
tion TVi < N 2 
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The idea is that the contribution of the term P^Ni u can be essentially estimated 
by the squared-type norm (X^M<iVi I^m^Hx) 1 ^ 2 ~ IMIxj which is independent 
of the size of N\. We first sum in N, then in N3 for l|5.10|l . and use the inequality 

This completes the proof of Lemma I5TT1 □ 
We now turn to the proof of Proposition an d estimate the contribution 
of Ai t jf. With the aid of this lemma, we can prove the estimate for the terms 
(|5.1[) . (|5.3I) . (|5.4|l . 15. 5|) . (|5.6[) and l|5.7|l . We shall consider separately each 
contribution. 



5.1.1 The contribution of (|5.1[) . 

By (fSini), (|3~TI|) . (|3~H|) . lO, we bound the contribution of JOJ to the left of 
itOl by 

< (j2 \\B N (u)f LlL2 ) (5.12) 

E fEn^( e ^ r(p<<NU)2 ^( M ))iiw l I . 

where Bn{u) = Pn((P<s:nu) 2 P+Pnu x ) — (P<^nu) 2 PnP+Pnu x . From Lemma 
15.11 the first term (|5.12(1 is acceptable. 

On the other hand, for the second term 15.13(1 . we split the sum YIm 
three parts J2m~n + Sakjv + Sa/>w- The contribution of M ~ N is of 
type (|5.12() by summing in M such that M ~ AT. Next we study the contri- 
bution of M <C A" to (|5.13(l . Since the expression Pn((P<§:nu) 2 P + Pnu x ) — 
(P-^nu) 2 Pn P+PnUx has Fourier support in |£| ~ N, we may add the projec- 
tion operator P^m to /-=o( p «« u ) d v _ gy Holder inequality, we can bound 
this contribution to l|5.13|l by 

% 2\ V2 

£ ( E ( E ll^e^ r(P<<NU)2 ^HILiL^ 



,Af»l \A/«W 



1/2 



We easily see that by Sobolev inequality 

A r ||P^ J ve"*' fa!(p « N " )2 || L i/ E < \\d x P^ N e-if^ p « Nu)2dv \\ L i/. 

< \\P«NU\\ 2 J <\\uf x , 
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and 



2 

\x- 



< T^ll^llillP^H 
From these, the previous is bounded by 

<Ti- E Hi||P> lU || x . 

For the contribution of M > N to (|i5~T3|) . we now add the projection operator 
P M to e _i I-^(p«nu) 2 d y _ Then we haye the bound by 

' - ' 1/2 

< ( E ( E ll^e-r^wn^n^^n 

\iV>l \A/»JV 3 

and this follows from the same line of proof as the contribution of the case 
M < AT. This completes the proof for (|5.1|) . 



5.1.2 The contribution of flOJ). 

We use lHn>J|, JSmjl, IEH21, (ESI), and estimate this by 

1/2 

(5.14) 



< fEU^^^^ 2 ^^)!! 2 , i 



2 X 



1/2 



+ E En^( e ^ r(p<<Aru)2 ^( M ))ii L1H i ' (5 - 15) 

\AT»1 V M T * J J 

where Cn(u) — P + P^ Pn 1 uPn 2 u Pn 3 'Ux- By Lemma 13.51 the first term 
l|5.14|l is bounded by 

< T* ^E \\P«nu\\\ \\PnJ2 P ^ uP ^Pn 3 u x \\ 2 _2\ (5.16) 
E Pn^2 P Ni uP n 2 uP N3 u x \\1 1t \ . (5.17) 

\jv>i a xT 7 

It is easy to see that by Sobolev inequality the term (|f> . 1 f>|> is bounded by 

<T^\\ur x \\p> lU \\ x . 

For the term (|5.17|) . we may drop the assumption on N for (|5.3|) . namely I\ : 
N 1 ^N 2 >N 3 . In fact, add 

Piv E Pn 1 uPn 2 uPn 3 u x = 0. 
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We therefore bound (|5.17l) by 

< r i/ 2 pi/2 P Ni uP N2 uP N3 u x \\ l1t 

Ni~N 2 >N 3 

Nt~N 2 

so that summing on Ni ~ N 2 (> N ^> 1) gives 

<T i/2 \\ur x \\p> lU \\ x . 

For (|5.15l) . we split the sum ^2 M into two parts J2m<n + zCa/>am which gives 
the bound by 

< 



( ( 



E 2 (M)i\\C N (i 

JV>1 \M<JV 



1/2 



Since 2m<at(-^0 ^ N 1 / 2 , the estimate for the first term follows from the 
same argument as that for l|5.17|l . The second term is treated by 

1/2 

<T5 I V I V Af- £ 1 llfl.fi-* •H^'OV. Il^^ll 2 



tM e f E M ~ E 1 i]^-* r(FW ii 2 f ncw( 

By the same argument as in (|5.f 6|) . this is bounded by 

<T*H*.||i>>iu|l*- 
Then this gives the proof for the contribution of (|5.3|l . 

5.1.3 The contribution of (tOll. 



2* 



It is useful to recall the proof for the contribution of l|5.1|l . We use (|3.14|) . 
(EH, to obtain the bound by 



% ( E II E Pn.uP^nuP^ 

\JV»1 N t ~N 

E (Eii p ^( e " fr(p<< "" )2p + Fw E PN 1 uP <N uP <NUx )\\ Li , L A 

The proof for (|5.8() in Lemma 15.11 leads to that for the first term. The proof 
for the second term follows the corresponding argument for the contribution of 
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5.1.4 The contribution of (|5.5[) . 

This follows from the same argument as that for l|5.4|l . 

5.1.5 The contribution of (|5TB|l . 

We invoke the proof used for the contribution of l|5.3|l to prove the estimate. 
We can share the derivative with three Pn ± u, Pn 2 u an d Pn 3 u, and also the 
derivative in P^ 3 u x can be shifted to that for Pa^u, in view of the support 
property AT X ~ JV3 ^ N2 > N 3> 1. Hence the same proof as that for the case 
l|5.3[) gives us the desired conclusion. 



5.1.6 The contribution of (|577|) . 

In order to verify the proof of (|5.7|l . we reprise the proof of (|5.1() . using Lemma 
15.11 It thus remains only to estimate 



( E (Y.\\ P M^ ir{P<<NU)2 P+ P N E PmuP <N uP N3 U x )\\ LlTL2 ) ] 

We again exploit the projection operator P/v to obtain 



1/2 



2 

^ 1 ^ 



J2 N- 2+2£ \\P N (P >>N uP >>N u) x P <<N u\\ 

JV>1 

< W P «Nu\\l lL¥ \\DUP»Nu) 2 \\ 2 ^ 

< r 1 - !te ||u||jHI^>iu|&. 

We repeat the argument of lj5.1|L and the proof for Ij5.7|) is established. 
This concludes the estimate for the contribution of A\ jv- 



5.2 The contribution of A 2 ,n- 

Here the proof is a simple variant of the argument giving (|5.1|l . Indeed, the term 
P<Ar(«7i — 1)u x P<^nuP+Pnu is quite close to that used for A\^- Moreover, 
the proof of Proposition II . II continues to hold for iHP^NU x P<^N u - (Note that 
for each dyadic number N 1, the projection operator TCPn is bounded on LP. 
and also on L^L^, for 1 < p, q < 00.) 



5.3 The contribution of A 3j n. 

The proof is a reprise of the argument given in the estimate for Ai^. Note that 
the integral term J_ H-P^nUxP^nUx dy has Fourier support in |£| <C N . In 
virtue of (E3, (513f ° (|3~%|) . ijH^I . we have 
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< (^\\P+PN^NM\\ 2 Li L*) 

/ 

+ [E fEll^( e " r(p<< "" )3p + p ^w) rlr „) I 

\JV»1 V M * T J J 



(5.18) 



1/2 



(5.19) 



where Dn(u) — 'HP^nUxP^nUx dy . For the first term (|5.18|l . we split 
P<^n = P<i+Pi<<^N to repeat the argument following the proof of Lemma |5. II 
In fact, by Lemma \'S. til and Holder inequality together with this decomposition, 
the proof for (|5.18|l can be reduced to the inequality 

\\D n (u)\\ l1t < WDl^P^uWl^ 

< T^\\P< lU \\l ¥Li + \\{D x )^u\\Li T \\{Dx) 1/2 P>M\Li T , 

which is bounded by 

<tV>||^ + | H | x ||P> iU || x . 

On the other hand, the proof for the second term 15.19J1 follows from combining 
the above argument with the proof for H5.3|l . which completes the estimate for 



5.4 The contribution of At 



We may estimate the left-hand side by lj!T5j) . lEHU, (JSHSl- Therefore it 

is sufficient to show that 



( V 

X] \\P+ p nuE n (u)\\ 2 l2 h i/2 
\jv>i T x / 

+ f E [Y.\ PM ^ rir{F<<NU]2p + PNuEN ^ 

\W»1 V M 



(5.20) 
(5.21) 



< (Nli + II*)II^>HU, 

where Em{u) = J^ oo P < ^N{u 2 u x )P<^Nudy. We deal with the first term Q5.2U|) . 
By integrating by parts, observe that 



E N (u) 



/X pX 
^2 PNidx^P^udy + / X P Nl d x u 3 P N2 U( 

-f PN 1 u 3 P N2 d x udy+ PniU 3 Pa 

J — OO at ~ AT ^ AT AT ^ AT ^ AT 



N 2 U 



N 1 <tZ.N 2 ^:N 
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It is easy to bound the contribution of the first term to 1)5.2011 by 



< 



E w p + p > 



N u\ 



1/2 



£ II^»1«IU||U 3 H L 2 H V2 ||U|l L oo ff l/2 - 



which is acceptable since ||u 3 || i2 ^1/2,2 < \\u\\ 2 L6 IMIj,6 W 



ya.s < IKHx (by inter- 
polation). For the second term , from the Fourier transform, we have 



\J-00 jv 2 <gAfi<Af / N 2 <N 1 <^N J - 00 ^ 



u 3 (£i)iVi(£-& 



so we use the multilinear Fourier multiplier theorem to bound this contribution 
to (|5~2~T|) by 



< 



E \\ p » u \\l*w^ ( E n^« 3 ^ 

,AT>1 \A r 2«JVi<A' 



1/2 



which is easy acceptable. For the third term, the proof is the same as that for 
the second term. 

For the fourth term, we deduce from Holder inequality that it is 



< 



E n p ^i 



v A r »l 



% w i^ ( E \\PNypN 2 u\\L iT ) ) 

\Ni«:A r 2<A' / / 



1/2 



which is acceptable as before. 

The proof for (|5.21|) can be reproduced by combining the above argument 
with that for JOJ. 



5.5 The contribution of A 5 ^. 

The estimate for this contribution is similar but simpler than that for A^jv- 
This completes the proof for A^^, and hence Proposition ^. II □ 

Remark 5.1 We now comment on the case s > 1/2. The proof of the above 
propositions already contains the nonlinear estimates for s > 1/2. In particular 
when s > 1/2, we require Lemma |3.2I with 6 < 1, in order to use the Leibniz 
rule on L v x L q T for 1 < p, q < 00 (c.f. Lemma l3.5|) . 



6 Proof of Theorem 11.11 

This section is devoted to the proof of Theorem 11.11 We shall be concerned 
with the "endpoint" case s = 1/2. (c.f. ^B] or Remark |5. II for the result for 
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s > 1/2.) To begin with, we re-normalize the data a bit via scaling. By the 
scaling argument l|1.5[) . we have 

IK,a||l2 = IKIUa, 



Thus we may rescale 



\\P<1 u 0,\\\l 2 < II"o||l 2 = Clow, 

- P<i)uo t x\\ gi < ^\\uo\\ H i < C high < 1. 

Here we choose A = A(||uo||hi/2) 3> 1, and take the time interval T depending 
on A later. We now drop the writing of the scaling parameter A and assume 

H-f^i^oHi 2 < Ci ow , 

- P<l)M H h ^ C high < 1. 

We now apply this to the norms X and H 1 ^ 2 , and define new version of the 
norms of X and iJ 1 / 2 , given by with decomposition I = P< x + (7 — P<±), 

Nix = 7^-ll^<H* + -J—W - p<iHx, 

^low ^high 

and 

W^ = 7^II^IU» + 7^— ll(^--P<i)^ILi- 

^low ^high 

We remark that ||wo||^i/2 < 2. 

6.1 A priori estimate for solutions of 

The purpose of this section is to prove the main a priori estimate for a solu- 
tion of In fact, as a consequence of this estimate, we have the proof of 
existence, uniqueness and the continuous dependence upon data for the initial 
value problem 

Proposition 6.1 Let u be a smooth solution to and < T < 1. Then we 

have 

\Hx < C(C low ) + C(C low + \\u\\x)(T a + C high )\\u\\x, (6.1) 
for some positive a. Here C(a) < (a) 100 . 

This proposition immediately leads to an a priori estimate for (|1.1|) . 
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Corollary 6.1 Let u be a smooth solution to J^l.l}) . For T small, Chigh small, 
we have 

\\u\\x < C(C high + Ci ow ). 

Before proceeding to the proof of Proposition 16.11 we establish the following 
lemmas. 

Lemma 6.1 Let u be a solution to Then 

\\P<iAx<C low +T l / 2 \\u\\\. 
Proof of Lemma \6.1\ Applying P + to we obtain the equation 

{d t -id 2 x )P + u = P + (u 2 u x ). 
Using the integral equation 

ft 

P + u{t)=e m *P+u - / e^'^P+^V) 
Jo 

and by (JSHJ , {3^J| . (JSTSJ . (QJ, ESI, ljXTT|) . flTT^ . (|XT3|) . we have 
\\P<iP+u\\x < ||P< 1 P +W o|| ff i/ 2 + ||P<iP+(« 3 ),.|| i ^i/ 2 

< C l( ^+T l / 2 \\u\\l 6 J\u\\ L6TW t /2 ,e. 

Since u is real- valued, this proves Lemma 16. II □ 
Lemma 6.2 Let u and vjy be given in Then 

\\P»iu\\x < (1 + \\u\\i ¥H1/2 ) ( £ \\v N f Y J , 

\iV»l / 

where the space Y is defined in section\^ 

Proof of Lemma XKlk We will consider separately each of contribution of L^H 1 ^ 2 , 
L™L%, L 2 X L™ and L^LfP-norms. 

To bound the contribution of the L^ ) iJ 1 / 2 -norm, since u is real, we use 
Leibniz' rule (c.f. Lemma fo.5|l to estimate 

which gives the estimate, summing on l 2 N . 

For the contribution of the L£°L|,-norm, observe first that 

d x P+P N u = e y^ p «^ 2 (d x v N + ^(P <<N u) 2 VN ) , 
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then by Littlewood-Paley decomposition, we bound the L^°L^- norm of d x PjsfU 

by 



\d x P N u\\ L? , L 2 < \\d x V N \\ L aa L l + 



Pn J2 P ^ ^ r(P<<NU? ){P«Nuf Pn 2 v n 

\ Ni N 2 / 



To estimate the second term, we first split X^at 2 = J2n 2 ~n + ^2n 27 on- For 
N2 ~ N, we bound this contribution to the second term of l|6.2[l by 

4(P<nu) 2 Pn 2 vn\\ l ~l2 t £ \\P<Nuf L ^ T ^ \\Pn 2 vn\\l?l 2 t 

N 2 ~N N 2 ~N 

~ W u \\l~m/2 \\ p N 2 d x v N \\ L ^ L 2 T , 

N 2 ~N 

which is acceptable. 

In N 2 ^ N, we split again J2n 2? cn = Ew 2 «jv + Eat 2 »jv For ^2 < N, 
observe that 

PN{J2 P Ni eir{P<<NUf ( P <X U ) 2p <X V x) = P "( P ^ 
iVi 

while for N2 3> N, we see that the left hand side 

= P N ( J2 PN^^^^iP^NufP^VN). 
Ni^N 2 >N 

Then we have the bound of this contribution to the second term of 16.2JI by 

<||P~ive*/"( p <^^U-||P<^«||i» ||P<^w|| is , 

7Vi~A r 2 >A' 

< ll^ll 4 i||ujv|| 



Therefore summing also on l 2 N , we complete the proof for the contribution of 
the L^°L^-norm. 

The estimate for the contribution of the L^L^P-norm is easy, since \P+Pnu\ = 
\v N \- 

The proof for the contribution of the L^L^f-norm is in the same style as 
that for the L~ L^-norm, because || {D x ) 1 / a P n u\\ l a L¥ ~ N x ^\\P n u\\ l a lw . We 
reprise the argument following the proof for the contribution of the L^L^-norm, 
to obtain the bound 

\\(D x )^P N u\\ LiL¥ 

< ^ E \\PN 2 v N \\ L iL ¥ +N 1 ^P^ N e^r( p <<^\p <<N u) 2 P <<N v N \\ LtL¥ 

N 2 ~N 

+ E N l ' A \\P Nl ey^ p ^{P <<NU fP N2 v N \\ LtLW 

< (l + \\u\\* H1/2 )\\(D x )iv N \\ LtL¥ . 
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We apply Z^-sum and thus prove the estimate for the contribution of the L*L^- 
norm. 

This concludes the proof of Lemma fo. 21 □ 
For the proof of Proposition l6.ll we will use the following estimate concerning 

Lemma 6.3 For 4> <G H 1/2 , 

(e \w td he~^r(p<<^?p + p Nm A < (1+W 2 )|| P>1 



vJV»i 



H2'" -^ iTll ff2 



Proof of Lemma Ifi.M Applying (|3.1[) , l|3.2[) , (|3.3[) and (|3.4|) shows that it is 
sufficient to prove 
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j2 \\e-is x ^^ 2 P+PN( pf Hi + e (j2\\PM(e-y*( p «^ 2 p + p N m H i 

V/V»l / \JV»1 V M 

<(1 + M^)PVi<^ 4 - (6.3) 

By Leibniz' rule (c.f. Lemma ETSIl . the first term of the left hand side of (|6.3|l 
is bounded by 

<{i + Hf Hh )\\P^\\ Hi , 

which leads to a desired estimate. 

Next, we deal with the second term. Like the argument in the proof in 
section^] we split YIm = ^2m<n 2m>jv Hence we bound this contribution 
to the left-hand side of l|6.3|l by 

s (e W p »Ki) 7 +(e f E \\r*e-* riP <"*' f \\ Bi ) pwni. 

\JV»1 / \JV>1 \M>iV / 

< (i+m^)pwii h j, 

which is also acceptable. □ 
Proof of Proposition \6.1l 

Turning to the proof of Proposition 16.11 with the above lemmas, we show 
the a priori estimate for solutions of p. 1(1 . 

In light of Lemma T6. 21 it is reasonable to pass from the a priori estimate for 
u to that of vpj . We deduce from Proposition 15. II together with Lemmas 16.11 
1 and 16.31 that 



Mix < C{C l0W ) + C{C l0W )T*\\u\\\ 



+C(C low )(l + (l +Ti(l + N||)||t% + (% igh \\u\\ 5i + C high (l + ||n|||)|| U |||) . 
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Observe that by renormalization of || • || #1/2 -norm we see that 

Mt)\\ H1/ 2 < \\P< lU (t)\\ L 2 +C high \\(I-P< 1 )u(t)\\ Sl/a . 

The high frequency part Chi g h\\{I — -P<i)"|| can be absorbed into the X- 
norm. Then substituting Lemma 16.11 again in estimating the low frequency 
part of the norm ||P<iu|L OOH .i/2, we obtain l|6.1fl and complete the proof of 
Proposition 16. II □ 

6.2 Proof of Theorem 11.11 

We come now to the proof of Theorem 11.11 and describe the key points when 
wc follow the compactness argument with the a priori estimate. We refer to the 

papers PJ QH OS EH ES| for the details - 

Let {lion} be a sequence in H°° such that u Qn — > u in H 1 / 2 as n — > 00 and, 

ll u 0n||ffi/2 < 2||uo||^i/2. We see that if u n is a if°°-solution to (|1.1|) with data 

u n(0) = UQni then we have the a priori estimate l|6.1|l : with Corollary 16.11 for 

small T > (we take Chigh small), 

Kb <C(|K|| ff i/»)- (6-4) 

Similarly, noting that \e l $ f 1 —e % $ ^ 2 \ < ||/i — $1 Hl 1 for real functions /i,/2, 
we obtain 

||W„ - Mn'lljf ^ CdlWolUvOIKon ~ "On' [[5-1/2 (6.5) 

(by using estimates similar to (|6.1|l for differences of solutions). These bounds 
(|6.4|l and 1)6. 5|) will allow us to obtain the existence of the solution a 6 I to 
<|l.l[l . In particular, using Fatou's lemma, we can show 

IN* < c([[«o|Ux /a ). 

Now we prove the uniqueness of solution. Let u and u be two solutions of 
Ijl.lfl with data uq and uq, respectively. By (|6.5|) (choose T > and Chigh 
smaller, if necessary), we have 

\\ u - u\\x < Cq{\\u q \\ h i,2 + ||wo||fri/3)||"o ~ "o||_ffi/2- 

Thus the solution is unique in X, also in X. 

The continuous dependence of solution on data is actually proven in the 
same way as in the proof of the existence of solution. 

This concludes the proof of Theorem ll.il □ 
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